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The shortest paths on the surface of a convex polyhedron can be grouped into equivalence
classes according to the sequences of edges, consisting of n-triangular faces, that they cross.
Mount (1990) [7] proved that the total number of such equivalence classes is Θ(n4). In
this paper, we consider descending paths on the surface of a 3D terrain. A path in a terrain
is called a descending path if the z-coordinate of a point p never increases, if we move p
along the path from the source to the target. More precisely, a descending path from a point
s to another point t is a path Π such that for every pair of points p = (x(p), y(p), z(p)) and
q = (x(q), y(q), z(q)) on Π , if dist(s, p) < dist(s,q) then z(p) z(q). Here dist(s, p) denotes
the distance of p from s along Π . We show that the number of equivalence classes of the
shortest descending paths on the surface of a convex terrain is Θ(n4). We also discuss the
diﬃculty of ﬁnding the number of equivalence classes on a convex polyhedron.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A terrain T is a polyhedral surface in 3D with the property that the vertical line at any point on the xy-plane intersects
the surface of T at most once. Thus, the projections of all the faces of a terrain on the xy-plane are pairwise disjoint in
their interior. Each vertex p on the surface of the terrain is speciﬁed by a triple (x(p), y(p), z(p)). More formally, a terrain
T is the image of a real bivariate function ζ deﬁned on a compact and connected domain W in the Euclidean plane, i.e.,
T = {(x, y, ζ(x, y)), (x, y) ∈ W}. Without loss of generality, we assume that all the faces of the terrain are triangles.
The problem of ﬁnding descending paths in a polyhedral terrain was ﬁrst studied by de Berg and van Kreveld [5]. They
presented an O (n logn) time algorithm to decide if there exists a descending path between two given points on the surface
of the terrain, where n is the number of faces of the triangulated terrain. The problem of computing a shortest descending
path (SDP) was ﬁrst addressed by Roy et al. [8] who solved the problem for a convex terrain. Ahmed and Lubiw [3] gave an
approximation algorithm for a terrain but in a restricted setting. Ahmed et al. [1] devised two approximation algorithms for
a general terrain, both based on the idea of discretizing the terrain by adding Steiner points. Ahmed and Lubiw [2] explored
the characteristics of bend angles along an SDP, and showed that ﬁnding an exact SDP in a general terrain is non-trivial.
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Ahmed and Lubiw [4] have recently extended this result and devised algorithms for generalizations of convex terrains and
orthogonal terrains.
In this paper, we address the problem of ﬁnding the number of combinatorially different SDPs, or in other words, the
number of equivalence classes of SDPs, in a convex terrain, where all the SDPs that use the same sequence of edges belong
to the same equivalence class. This work is motivated by the result of Mount [7], who demonstrated that shortest paths on
the surface of a convex polyhedron can be grouped into Θ(n4) equivalence classes. Our aim here is to check whether this
bound holds for SDPs. The main result of this paper is that the bound holds for SDPs on a convex terrain. We also mention
the diﬃculties of ﬁnding such a bound for SDPs on a convex polyhedron.
2. Preliminaries
Let f and f ′ be two adjacent faces of the terrain T that share an edge e. Let p and q be two points on faces f and f ′
respectively (none of p and q is on e). Now, if the line segment [p,q] is not visible (respectively visible) then f and f ′ are
said to be in convex (respectively concave) position. A terrain T is said to be convex (resp. concave) if every two adjacent
faces in T are in convex (resp. concave) position. Let us consider a convex terrain T with n vertices. Let πd(s, t) denote
the (unique) shortest descending path through the surface of T between a pair of points s and t . Let E(s, t) denote the
sequence of terrain edges that the path πd(s, t) traverses. We will use the term shortest descending edge sequence (or simply
descending edge sequence) to refer to E(s, t). Two paths on the surface of T are said to be equivalent if they pass through the
same edge sequence. For example in Fig. 1, paths πd(1) and πd(2) are equivalent but πd(3) is not equivalent to πd(1) and
πd(2). Note that this notion of equivalence classes is similar to the equivalence classes of the geodesic paths on the surface
of a convex polyhedron, proposed by Mount [7].
A path π(s, t) from a point s to a point t on the surface of the terrain is said to be a geodesic path if it entirely lies on
the surface of the terrain, it is locally optimal (i.e., the length of the path cannot be reduced by small perturbation), it is not
self-intersecting, and its intersection with a face is either empty or a straight line segment. The geodesic distance dist(p,q)
between a pair of points p and q on π(s, t) is the length of the path from p to q along π(s, t). A path πgeo(s, t) is said to
be the geodesic shortest path if the distance between s and t along πgeo(s, t) is minimum among all possible geodesic paths
from s to t .
Deﬁnition 2.1. (See [6].) Let f and f ′ be a pair of faces in T that share an edge e. The planar unfolding of face f ′ with
respect to face f is the image of the points of f ′ when rotated about the line e onto the plane containing f such that the
points of f and the points of f ′ lie in two different sides of the edge e (i.e., faces f ′ and f do not overlap after unfolding).
Lemma 2.1. (See [6].) For a pair of points s and t, if πgeo(s, t) passes through an edge-sequence E of a terrain, then in the planar
unfolding U (E), πgeo(s, t) is a straight line segment [s∗, t∗], where s∗ and t∗ are the projections of s and t on U (E).
3. Properties of shortest descending paths on a convex terrain
We now discuss some important properties of the family of descending paths on a convex terrain that are useful to
prove the main result of this paper.
Observation 1. (See [8].) If p1, p3 are two points on a face of a terrain T , and p2 is another point on the line segment [p1, p3], then
z(p1) > z(p2) implies z(p3) < z(p2).
Deﬁnition 3.1. A path π(s, t) (z(s) z(t)) on the surface of a terrain is a descending path if for every pair of points p,q ∈
π(s, t), dist(s, p) < dist(s,q) implies z(p) z(q).
From now onwards, we will use πd(s, t) and δ(s, t) to denote shortest descending path from s to t and its length,
respectively. It is well known that, if a shortest descending path πd(s, t) passes through a face f , then the intersection of
πd(s, t) with f is a straight line segment [8]. Furthermore, if the straight line segment [s∗, t∗] corresponding to a shortest
geodesic path πgeo(s, t) satisﬁes the descending property in the unfolded plane U (E), then πd(s, t) = πgeo(s, t).
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Observation 2. Let f and f ′ be two adjacent faces of a convex terrain T that share an edge e, and q be a point in the face f ′ . If q∗ is
the projection of q in the unfolded plane, then z(q∗) > z(q).
Fig. 2 demonstrates Observation 2. In Figs. 2(a) and 2(b), f and f ′ are the faces of a terrain T in convex position.
In Fig. 2(c), though the faces are in convex position, Observation 2 does not hold. The reason is that they do not form a
convex terrain.
Let Π1 = (a1 → a2 → ·· · → ak) and Π2 = (b1 → b2 → ·· · → bk) be two paths passing through the same edge-sequence
E = (e1, e2, . . . , ek), where the points ai,bi lie on ei , for all i = 1,2, . . . ,k. We say Π2 lies above Π1 (denoted by Π2 ↑ Π1),
if z(ai) z(bi), for all i = 1,2, . . . ,k.
Lemma 3.1. Let E = (e1, e2, e3, . . . , ek) be an edge-sequence through which a descending path can pass. If πgeo(P ′) = (p1 → p′2 →
p′3 → ·· · → pk) is a geodesic path from p1 to pk through E , and πd(P ) = (p1 → p2 → p3 → ·· · → pk) is an SDP from p1 to pk
through E , then if k = 3, πgeo(P ′) always lies above πd(P ).
Proof. Let us consider any shortest descending path segment πd(P ) = (p1, p2, p3), and the corresponding geodesic shortest
path πgeo(P ′) = (p1, p′2, p3). We have to prove that, πgeo(P ′) ↑ πd(P ), or in other words, z(p2) z(p′2).
We will prove this by contradiction. Let us assume that z(p2) z(p′2). Since z(p1) z(p2) because πd(P ) is an SDP, we
have, z(p1) z(p′2). Now, let p∗3 denote the image of p3 in the planar unfolding. By Observation 2, we have z(p′2) z(p∗3).
Thus, in the planar unfolding of the geodesic path πgeo(P ′) = (p1, p′2, p3), we have, z(p1) z(p′2) z(p∗3). Thus, πgeo(P ′) is
a descending path. This contradicts the fact that πd(P ) = (p1, p2, p3) is an SDP due to the uniqueness of shortest descending
paths. 
Deﬁnition 3.2. A line segment l = pq on the surface of the terrain T is said to be horizontal, if z(p) = z(q). A path segment
of a path P is a sequence of edges in P such that each pair of consecutive edges in the sequence, share a common end-point.
A path segment Ph of a path P is said to be horizontal if every line segment of Ph is horizontal.
For the simplicity of analysis, we will consider that no edge of the terrain is a horizontal segment and every pair of
vertices of the terrain has different z-coordinates.
Now we establish a key property of πd(s, t) which will help us to bound the number of equivalence classes. Unlike in [7],
where the path πgeo(s, t) is a straight line segment in the planar unfolding, πd(s, t) consists of two kinds of path segments
(i) a horizontal path-segment and (ii) a geodesic path-segment (as described in Lemma 3.2). The geodesic path-segment of
πd(s, t) is a straight line segment in the planar unfolding, but the horizontal path-segment of πd(s, t) may not be a straight
line segment in the planar unfolding. Later, we will show that the bound of the equivalence classes of πgeo(s, t) still holds
for πd(s, t). It is possible that either of the two path segments of the path πd(s, t) may be empty. We characterize the
property of πd(s, t) in the following lemma.
Lemma 3.2. For a pair of points s and t, πd(s, t) consists of a horizontal path-segment Ph = πh(s,a) from s to some point a on an
edge e, followed by a geodesic path-segment Pgeo = πgeo(a, t). It is possible that either of the two path segments of the path P may be
empty.
Proof. We will show by contradiction that the path πd(s, t) does not consist of a geodesic path-segment followed by
horizontal path-segment.
Consider a path segment πd(pi, pi+2) = pi → pi+1 → pi+2 of πd(s, t), where pi → pi+1 is non-horizontal and pi+1 →
pi+2 is horizontal. In other words, z(pi) > z(pi+1) = z(pi+2). Let πgeo(pi, pi+2) = (pi → p′i+1 → pi+2) be the geodesic path
through the same edge sequence of πd(pi, pi+2).
By Lemma 3.1, πgeo(pi, pi+2) ↑ πd(pi, pi+2). More precisely, z(p′i+1) > z(pi+1). Let pi+1 and p′i+1 lie on the edge ei+1.
Let p ∈ ei+1 be a point such that z(p) = z(pi). Surely, p lies above pi+1, since z(p) = z(pi) > z(pi+1). Now the following
two cases may arise:
z(p) > z(p′i+1): Here πgeo(pi, pi+2) is a descending path and its length is less than πd(pi, pi+2). Thus, we have a contra-
diction (see Fig. 3(a)).
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z(p) z(p′i+1): Here the path segment pi → p → pi+2 is a descending path and it is shorter than πd(pi, pi+2). Thus, here
also we have a contradiction (see Fig. 3(b)).
Thus, in πd(s, t), there is no portion that consists of a geodesic path-segment, followed by horizontal path-segment. This
implies that, πd(s, t) consists of a horizontal path-segment Ph = πh(s,a) from s to some point a on an edge e, followed by
a geodesic path-segment Pgeo = πgeo(a, t). Surely, it is possible that either of the two path segments of the path P may be
empty. 
Observation 3. Let f and f ′ be two adjacent faces that share an edge e, p be a point on the face f , and q be another point on the
edge e such that z(p) z(q). Now, if r ∈ f ′ is a point such that its image r∗ lies on the straight line (p,q) in the unfolded plane, then
πd(p, r) = πgeo(p, r).
Given a vertex s and a pair of points α and β on the terrain P , πd(s,α) and πd(s, β) may share a common initial
horizontal path-segment Ph and then diverge at a point. The point of divergence is called as the bifurcation point.
Let f be a face adjacent to a vertex v . An SDP from a point s /∈ f to a vertex v is said to be f -through if it comes
through the face f , and will be referred to as f vthrough-SDP.
Lemma 3.3. If two SDPs reach a vertex v through a face f , which is adjacent to v, then they must share a common horizontal path-
segment at v.
Proof. This follows from the fact that a geodesic path segment on the surface of convex polyhedra never passes through a
vertex [6] and Lemma 3.2. 
Deﬁnition 3.3. A face f is said to be a candidate f vthrough-face if an SDP to v can pass through f .
Observation 4. For any vertex v, there exist either exactly two candidate f vthrough faces or no f
v
through face.
Proof. By Lemma 3.2, we don’t have any face that is horizontal and the path segment of πd(s, t) up to v is horizontal. Thus,
we have only two candidate f vthrough faces (because the faces are triangulated). 
Lemma 3.4. Given a vertex s and a pair of points α and β on the terrain T , πd(s,α) and πd(s, β) may share a common initial
horizontal segment, but they will never cross.
Proof. The proof will assume that two paths don’t have any common initial horizontal segment (if they have then the proof
can proceed by shuﬄing s to the bifurcation point). The proof is by contradiction. Let πd(s,α) and πd(s, β) intersect at a
point γ , which is equidistant from s along both the paths πd(s,α) and πd(s, β), otherwise one of these two paths cannot
be optimum.
We need to consider three cases: (i) γ is in face, or (ii) γ is on an edge e, or (iii) γ is at a vertex.
In case (i) consider a very small circle centered at γ which completely lies inside the face f . The path πd(s,α) intersects
the circle at two points b and c, and the path πd(s, β) intersects the circle at a and d (see Fig. 4(a)). Observe that the length
of the paths s ∼ b → γ → c ∼ α and s ∼ a → γ → c ∼ α are same, and both are optimum paths. Now, consider the path
s ∼ a → c ∼ α. Its length is less than both the paths mentioned above (by triangle inequality). Again, z(a) z(γ ) z(c) due
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Fig. 5. Case (iii) of Lemma 3.4.
to the fact that both πd(s,α) and πd(s, β) are descending. So, the path s ∼ a → c ∼ α is descending also. Thus, we have a
contradiction.
The case (ii) can be handled by similar manner as case (i). For this we need to unfold f onto f ′ around edge e that
contains γ and draw the circle around γ in the unfolded plane. An instance of this unfolded scenario is depicted in Fig. 4(b).
Next we will consider case (iii). From Lemma 3.3 and Observation 4, it is clear that these two paths will reach v through
two faces f and f ′ (Fig. 5). Let 
 f and 
 f ′ be the last path segment that reaches v through faces f and f ′ , respectively.
Both of these segments are horizontal. Now for any point α′ in the face adjacent to v with z(α′) < z(v) (if z(α′) = z(v)
then it will lie either on 
 f or on 
 f ′ ) we can always ﬁnd a point v ′ either on 
 f or on 
 f ′ such that the SDP from v ′ to α′
is a straight line segment in the planar unfolding (using Observation 3). Now the triangle inequality implies that the path
s ∼ v ′ → v ∼ α′ can be shortened by using the path s ∼ v ′ → α′ . Hence, we have a contradiction. 
Lemma 3.5. Two SDPs do not intersect each other more than once.
Proof. The proof is by contradiction. Let us assume that two SDPs P1 = πd(s1, t1) and P2 = πd(s2, t2) intersect at two
distinct points α and β . Assume δ(s1,α) < δ(s1, β) which implies that δ(s2,α) < δ(s2, β). Now we have to consider two
cases:
δ(s1,α) = δ(s2,α): Here we can treat α as the source. Both the paths starting from the same the source α and terminating
at t1 and t2 are SDPs. Using the same argument as in Lemma 3.4, we can say that these two paths do not intersect.
δ(s1,α) < δ(s2,α): Here we can ﬁnd a point s′1 on the path segment from s2 to α such that δ(s1,α) = δ(s′1,α). As πd(s2,α)
is an SDP then πd(s′1, t1) must be an SDP. Using same argument as in the earlier case we can say that πd(s′1, t1)
cannot intersect the path P2 after α. As the path segments πd(s′1, t1) and πd(s1, t1) are the same after α, we can
conclude that P1 and P2 cannot intersect twice. 
4. Comparative study of SDPs and geodesic shortest paths
As in Mount [7], we will map SDPs to a topological domain (described in terms of embedded planar graphs) and exploit
certain topological properties of SDPs on a convex terrain.
The properties of geodesic shortest paths on the surface of a polyhedron P , listed in Mount [7], are as follows:
(G1) A geodesic shortest path does not pass through any vertex of polyhedron P , and it does not cross any edge of P more
than once.
(G2) A geodesic shortest path is not self-intersecting.
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-ball at vertex v , (b) bypassing path s1 → v → t1 along the -ball, and
(c) bypassing path s2 → v → t2 along -ball.
(G3) Except for the case where the two paths share a common subpath, a pair of geodesic shortest paths intersect in at
most one point, and this intersection is transverse in the sense that each path intersects the other one. Moreover
if two shortest paths share a common subpath, then either one path is the subpath of the other, or else an initial
subpath of one coincides with a ﬁnal subpath of the other.
It is observed that, as opposed to the property (G1) of the geodesic shortest path, an SDP may pass through the vertices
of the convex terrain T . However, it does not cross an edge or a face of T more than once. In order to overcome this
diﬃculty, we now study the properties of f vthrough-SDPs’ as follows.
Let f be a face adjacent to a vertex v . Recall that an SDP (from a point s) that passes through the face f and the vertex
v is said to be an f vthrough-SDP.
Lemma 4.1. Two f vthrough-SDPs do not intersect.
Proof. By Lemma 3.2, πd(P ) = (p1 → p2 → p3 → ·· · → pk) has two path portions πh(Ps) = (p1 → p2 → p3 → ·· · → pl)
(may be empty) and πgeo(Ps′ ) = (pl+1 → pl+2 → pl+3 → ·· · → pk) (may be empty). Since geodesic paths do not pass
through vertices, πgeo(Ps′ ) can never pass through a vertex. So only πh(Ps) may pass through a vertex. Let P1 and P2 be two
f vthrough SDPs that pass through a vertex v . Up to the vertex v , the path segments of both P1 and P2 are horizontal. Again
since both of them are f vthrough paths, one of them is a subpath of the other one. Thus, they are not properly intersecting.
If the horizontal path continues in both P1 and P2, they will remain mutually overlapping until a point α, they diverge. By
using Lemma 3.4, we can argue that πd(α, t1) and πd(α, t2) will not intersect. 
Since SDPs can pass through vertices, we perform the following transformation on them. Let us consider a ball of radius
 > 0 at each vertex v . We perturb each path passing through v so that they traverse along the circumference of the -ball
in the anti-clockwise direction (see Fig. 6) around that vertex, and then continue along the original path.
After performing the above transformation, we can conclude that SDPs do not pass through the vertices of T . This
ensures that SDPs satisfy all the required properties (G1)–(G3) of geodesic paths.
Now we are in a position to map the faces and SDPs of T onto the surface of sphere, as was done in Mount [7], and we
can prove our main result that is stated below.
Theorem 1. The number of possible edge sequences through which a shortest descending path can pass on a convex terrain is Θ(n4).
Proof. As in Mount [7], we map a convex terrain T to an n-edged ﬁnite subdivision of the topological sphere. The set
of paths, satisfying S1′–S3′ , as a ﬁnite set of pseudosegments Σ on the sphere such that the members of Σ do not pass
through the vertices of T . Now, by Theorem 1.1 of Mount [7], if we ﬁx a pair of edges e1 and e2 of T , the number of distinct
edge sequence of T corresponding to pseudosegments connecting e1 and e2 is O (n2). The lower bound construction used
by Mount for convex polyhedra [7, Fig. 13] is a convex terrain. All the geodesic shortest paths in that construction are
descending paths if we orient the construction appropriately in 3D. Hence, the result follows. 
5. Structure of an SDP on a convex polyhedron versus a convex terrain
One natural question that follows from Theorem 1 is: how many possible edge sequences are there in a convex polyhedron
through which SDPs can pass? In this section, we show that the answer is not at all straightforward because the structure
of an SDP on a convex polyhedron can be more complicated than the structure of an SDP on a convex terrain. In Lemma 3.2,
we have already shown that an SDP in a convex terrain consists of a horizontal path followed by a geodesic path. Similarly,
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Fig. 8. SDP P1 from s1 to t1 (the heavy arrow is a horizontal segment).
it can be shown that an SDP in a concave terrain consists of a geodesic path followed by a horizontal path. Because we
can partition a convex polyhedron into a convex terrain consisting of the faces visible from the top, and a concave terrain
consisting of the faces visible from the bottom, it may appear that an SDP in a convex polyhedron consists of a horizontal
path followed by a geodesic path followed by another horizontal path. However, this is not the case—we will show that
there exists a convex polyhedron where an SDP consists of an arbitrary sequence of horizontal and geodesic paths.
Our proof below uses the polyhedron shown in Fig. 7(a), which is constructed by cutting off every other top corner and
every other bottom corner of the regular polygonal prism in Fig. 7(b). The top (and bottom) faces of the prism in Fig. 7(b)
can be any regular polygon with an even number of vertices. The dotted lines in these ﬁgures represent horizontal lines in
a face. The top and the bottom faces of the polyhedron are horizontal, and all the triangular faces are same-sized isosceles
triangles. In our discussion we will unfold a sequence of consecutive side faces onto a plane. Fig. 7(c) shows such an
unfolding. Note that the total face angle for the side faces at point a in Fig. 7(c) is always less than π . This is because we
have |bc| < |ba′|+|a′c| in Fig. 7(d), which implies:  bac <  baa′ +  a′ac, and thus  b′ab+  bac+  cac′ <  b′aa′ +  a′ac′ = π .
Also note that the dotted lines in any two triangular faces in Fig. 7(c) are parallel to each other since the triangular faces
are all same-sized isosceles triangles. In our proof, “the height of a point” means the original height of the point (i.e. the
height of the point before any such unfolding).
Lemma 5.1. The number of maximal horizontal (and non-horizontal) path-segments along an SDP can be Θ(n).
Proof. We will ﬁrst construct an SDP that connects two points lying in the interior of two different side faces of the above
polyhedron, and then show that the SDP has the required property. Since any descending path connecting such a pair of
points lies within the side faces, we will ignore the top and the bottom faces in this proof.
We start with a small SDP from s1 to t1 as shown in Fig. 8(a). Points s1 and t1 are interior points in two triangular
faces f0 and f2 such that (i) f0 and f2 are separated by another face f1, (ii) f0 and f2 are visible from the bottom
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and the top respectively, and (iii) the height of s1 is slightly more than that of t1. Let a1 → b1 be a horizontal path in
f1 such that [s1,a1] and [b1, t1] are parallel line segments after unfolding these three faces onto a plane. We show that
P1 = (s1 → a1 → b1 → t1) is an SDP.
The SDP from s1 to t1 uses the face sequence ( f0, f1, f2) because the other face sequence for reaching t1 from s1 using
a descending path cannot yield a shorter path. Since the height of s1 is strictly more than the height of t1, there must be a
non-horizontal segment in the SDP from s1 to t1. We can infer from Lemma 4 of Ahmed and Lubiw [3] that [a1,b1] must be
a horizontal segment. Now, if we “slide” segment [a1,b1] up or down (while keeping it horizontal), the length of P1 attains
minimum when [s1,a1] is parallel with [b1, t1]. It follows from the facts that (i) the sliding keeps the length of the line
segment [a1,b1] (denoted by |a1b1|) constant (since the edges f0 ∩ f1 and f1 ∩ f2 are parallel to each other), and (ii) we
can translate f2 to make b1 coincide with a1 so that the sliding now corresponds to moving a1 to minimize |s1a1| + |a1t′1|
(Fig. 8(b)) where t′1 is the image of t1 after the translation. Thus P1 is an SDP.
Because [s1,a1] and [b1, t1] are parallel line segments, and the dotted lines (horizontal lines after unfolding) in f0 and
f2 are parallel to each other, both [s1,a1] and [b1, t1] are non-horizontal. (The structure of P1 does not follow Lemma 3.2
because the faces used by P1 do not make a convex terrain.)
We will now construct a longer descending path by adding “copies of P1” to itself as follows. Extend the segment of P1
in f2 onward to faces f3 and f4 so that the segments in f2, f3 and f4 makes a straight line segment in the unfolded plane
(Fig. 9). Now extend the path onto f5 as a horizontal path, and then add a segment in f6 that is parallel to the segment
in f4. The part of the path in f4 ∪ f5 ∪ f6 has exactly the same structure as P1, so it can be extended further onward in a
similar manner provided that the extended path does not cross the bottom boundary of a face. Assuming that the side faces
of the polyhedron are very narrow, we can extend the path until it crosses almost half of the side faces. As long as the path
crosses less than half of the side faces, it remains an SDP because (i) the only other face sequence around the polyhedron
cannot yield a shorter path, and (ii) the path cannot be modiﬁed locally to make it shorter.
The bound then follows immediately since every pair of nearest horizontal segments along the path is separated by
exactly three faces. 
This complicated structure makes it non-trivial to adapt the proof of Theorem 1 for a convex polyhedron. However, the
similarities of an SDP with a shortest path discussed in Ahmed and Lubiw [3,4], particularly the uniqueness of an SDP
through a given edge sequence [3, Lemma 7], gives us the belief that the bound holds:
Conjecture 1. The bound in Theorem 1 holds for a convex polyhedron.
To prove this conjecture, it will be enough to show that case (iii) in the proof of Lemma 3.4 holds for a convex polyhe-
dron.
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